In recent years, information spreading mechanism on the social networks has received extensive attention. Previous studies usually simplify the social relationships as binary, though in real social networks, the different intimacy between nodes in different layers will affect the information spreading. The enhancement of non-redundant information memory also plays an important role in information spreading. In this paper, we propose a weighted two-layered social network information spreading model based on threshold model. In order to qualitatively understand the impact of weight distribution heterogeneity on information spreading, an edge-weight based compartmental theory is proposed. We find that under an arbitrary adoption threshold, reducing weight distribution heterogeneity can facilitate information spreading and promote the global adoption, yet unable to change the dependence pattern of the final adoption size on the unit transmission probability. We also find that when the initial seed fraction is less than a critical value, information cannot be transmitted explosively in the network. Increasing the fraction of initial seeds or the heterogeneity of degree distribution will alter the dependence pattern of the final adoption size on the unit transmission probability from being discontinuous to being continuous.
I. INTRODUCTION
With the rapid development of Internet, social networks are becoming ever more pervasive in people's lives. Instant messengers [1] , Weibo [2] , Facebook [3] and other social softwares provide powerful means of information sharing [4] , which take up people's fragmented time, and also provide great convenience. Such expansion and facilitation have not only speeded up information spreading [5] , but also changed the fundamental mechanisms underlying the emerging complex spreading patterns. Therefore, modeling the information spreading process is of outstanding interest for analyzing the news spreading patterns [6] , promoting products [7] , stopping the transmission of viruses [8] , as well as controlling the spreading of rumors [9] , [10] , etc. In order to explore the influence of various possible factors on the information contagion mechanism, in recent years researchers have proposed massive models, in which the most commonly used models are epidemic spreading models [11] - [15] , such as the SIS The associate editor coordinating the review of this manuscript and approving it for publication was Sun Junwei . model and SIR model. Meanwhile, classical models such as the independent cascade model (ICM) and the threshold model [16] have attracted more and more attentions. Based on these models, researchers have identified many potential factors that can affect information contagion mechanism, including the source node [17] , community structure [18] , asymptomatic infection [19] , coreness [20] , and so on.
Although previous researchers usually modeled the relationship in social networks as binary, the model considering edge-weight is more identical with the real network because of the intimacy differences of the social relationships in reality [21] . For example, people are more receptive to the information from relatives and the state media. Since the influence of the heterogeneity of weight distribution on information contagion, the relations should be modeled as weighted edges [22] . In addition, due to the diversity of social networks, people have different connective relations and weight distribution in different networks. Previous researchers have ubiquitously investigated the modeling on the single layer network, but the model on two-layered network is more significant, because the heterogeneity of weight distribution among two-layered networks also affects information dissemination. Besides, changes in the state of a node may require the influence of multiple neighbors. Centola et al. [23] introduced an additional dimension in the study of diffusion process: social reinforcement [24] , [25] . Moreover, they put forward the idea of the complex propagation, in which node adoption requires contact with multiple adopted neighbors. The memory of non-redundant information will affect the process of information adoption, so the social reinforcement combined with memory characteristics is essential for describing and understanding the process of information dissemination in the real world.
In this paper, to study the effect of heterogeneous weight distribution and the promotion of non-redundant information on the social contagion, an information spreading model on weighted two-layered network has been proposed. We use a threshold model to simulate the reinforcement of nonredundant information on information spreading, and propose an edge-weight based compartmental theory to quantitatively analyze the mechanism of information spreading. Experiments are carried out through theoretical prediction and numerical simulation, and the results are in good agreement. According to the experimental results, we find that reducing the heterogeneity of weight distribution can accelerate information spreading, but it can not change the growth pattern of the final adoption size. We also find that there is a critical initial seed fraction below which there will be no outbreak of information contagion. Increasing the fraction of initial seeds or the heterogeneity of degree distribution can change the dependence pattern of the final adoption size on the unit transmission probability from being discontinuous to being continuous. In addition, the heterogeneity of degree distribution does not qualitatively affect the promotion of reducing weight distribution heterogeneity to information spreading.
The rest of paper is arranged as follows: In Sec. II, we propose an information spreading model on weighted twolayered network; In Sec. III, the edge-weight based compartmental theory to qualitatively analyze the information spreading mechanism on weighted two-layered network is proposed; In Sec. IV, we introduce the numerical simulation method and parameter settings; In Sec. V, we compare the theoretical predictions with the numerical simulation results and reveal the influence of weighted two-layered network structure on information spreading mechanism; In Sec. VI, the conclusions are drawn.
II. MODEL DESCRIPTIONS
In order to explore the information spreading mechanism on weighted two-layered network, we consider a population of size N with degree distribution P(k) and weight distribution g(w). A two-layered network is adopted, in which the two layers A and B represent two different communication networks. In experimenting we use the well-known ER network model [27] and SF network model [28] as the physic infrastructure. The adoption thresholds of layers A and B are T A and T B . The nodes in the two layers are interrelated, and one pair of interrelated nodes represent the same person in two different social subnetworks. Edges between nodes in each subnetwork represent inter-individual relations. Considering the impact of social reinforcement on the process of information dissemination, the information spreading process on weighted networks is described as a weighted Susceptible-Adopted-Recovery (SAR) epidemic model [26] . In SAR model, every node can occupy only one of the three possible states: susceptible (S), adopted (A), or recovery (R). Nodes in the susceptible state do not adopt the information, but they can be infected by neighbor nodes. The nodes in the adopted state are infected and can transmit the information to their susceptible neighbors. The nodes in the recovered state lose interest in the information and can not propagate the information to their susceptible neighbors. In this double-layer network, as long as the node adopts information in one layer of the network, this node also enters into the adopted state in the other layer.
In order to reflect the heterogeneity of weight distribution among different networks, the edge weight distributions of the two subnetworks in the double-layered weighted network following two independent edge weight distributions, g A (w) and g B (w). When a neighbor j of an adopted node i is in the susceptible state, it will be infected with probability
where w X ij denotes the weight of the edge between the i and j, and β X is the unit transmission probability in subnetwork X ∈ {A, B}. Given β X , λ X (w X ij ) monotonically increases with w X ij . A-state nodes are easier to transmit information to more strongly connected neighbors. Considering that the relevance of degrees has an impact on information spreading, we manipulate the uncorrelated configuration model to construct the two-layer network following two independent degree distributions P A (k A i ) and P B (k B i ), in which k A i and k B i indicate the degrees of node i in layer A and B, respectively. We set the degree vector of node i as k i = (k A i , k B i ). Since the degree distribution is independent of each other, the joint degree distribution can be expressed as P(
. Moreover, considering the social reinforcement, m A j and m B j are used for accumulating the pieces of information that the node successfully received. Once the node j receives the information from an A-state neighbor in layer A or B, m A j or m B j will increase one and this neighbor will never transmit the same information to the node j. When m A j ≥ T A or m B j ≥ T B , the S-state node j can enter into A-state.
Based on the above-mentioned factor, the detailed information spreading process is as follows. Initially, a fraction of ρ 0 nodes are randomly selected as the adopted nodes (seeds). At every time step, the information first spreads from every adopted node to all its neighbors. When a neighbor j of an adopted node i is in the susceptible state, we use λ A (w A ij ) to denote the probability that a node j in layer A are infected by node i through an edge of weight w A ij and λ B (w B ij ) to denote the probability that a node j in layer B are infected by node i through an edge of weight w B ij according to the Eq. (1). For the non-redundancy of information transmission, repetitive information transmission on the same edge is forbidden, after the information has been successfully transmitted. If the A-state node successfully transmits the information to its S-state neighbor node j, the number of the accumulated received information pieces of the node j received in layers A will increase one. After that node j in layers A and B will compare the number of its accumulated pieces of received information with its adopt thresholds T X . An individual i A in layer A and the corresponding individual i B in layer B have the same state. Therefore, the S-state node j can turn into the A-state when the number of accumulated information pieces exceed any threshold of the two layers. This means that the adoption probability is a step function. Since every node determines the information adoption by the number of its accumulative information pieces received from neighbors, the spreading dynamics is a non-Markovian process. At each time step, each adopted node may lose interest in the information, turn into R-state with probability γ , and can't transmit the information to its neighbors. Finally, the spreading process will be over when there are no A-state nodes in the network.
III. EDGE-WEIGHT BASED COMPARTMENTAL THEORY ON WEIGHTED TWO-LAYERED NETWORK
Considering the social reinforcement of non-redundant information memory, based on references [29] , [30] , an edge-weight based compartmental approach is proposed to analyze the model proposed in Section. III. The information spreading mechanism is theoretically analyzed by comparing the changes of three states of nodes densities in two-layered network with strong weight heterogeneity.
We assume that a node is in a cavity state [31] , which means that it can only receive information from its A-state neighbors, but not disseminate information to its S-state neighbors. Since edge weights are assigned randomly, the probability that a node is not informed by a neighbor in layer X by time t can be denoted by
and
where θ X w (t) denotes the probability that a node is not informed through an edge with weight w in layer X by time t and g X (w) denotes the weight distributions in layer X .
The probability that an S-state node i with degree k i = (k A i , k B i ) receives m A and m B pieces of information by time t can be expressed as
respectively.
Considering the reinforcement derived from the memory of the non-redundant information, the adoption function can be expressed as
where T X is the adoption threshold of nodes in layer X . Based on the model in Sec.II, an node in S-state indicates that the number of the pieces of information it has received in layers A and B are less than the corresponding thresholds, i.e. m A < T A and m B < T B at the same time. The probability that an S-state node with degree k i = (k A i , k B i ) still in susceptible state after accumulating m A and m B pieces of information by time t can be expressed as
We define the probability that the number of the accumulated pieces of information of an S-state node in layer X ∈ {A, B} by time t as
Thus the fraction of susceptible nodes at time t is
Then we should consider θ X w (t) at first. Considering that there are only three states of nodes in the network, θ X w (t) (X ∈ {A, B}) can be broken down into
where ξ X A,w (t) represents the probability that the cavity state node connects a node in A-state through an edge with weight w and the A-state node has not transmitted information to it by time t. ξ X S,w (t) and ξ X R,w (t) represent the probabilities that the cavity state node connects a node in S-state and R-state through an edge with weight w.
If node i is in the cavity state and connect his neighbor j by an edge of weight w with degree vector
Thus the neighbor j receive n A pieces of information in layer A with probability φ n A (k A j − 1, t) and receive n B pieces of information in layer B with probability φ n B (k B j , t). Subsequently, the probability that neighbor j stays in S-state in layer A can be expressed as
and, when considering that neighbor j is connected with node i by an edge with weight w in layer B, we can get the probability as
Therefore, the probability that an edge with weight w connects to an S-state neighbor j can be expressed as
where p( k) denotes the joint degree distribution and the expression k X j p( k j )/ k X j stands for the probability that an edge connects to a neighbor with degree k X j in layer X . Then, we analyze the change of ξ X A,w (t) and ξ X R,w (t) in layer X ∈ {A, B}. If the information is successfully transmitted to the neighbor in layer X with probability λ X w through an edge with weight w, the evolution of θ X w (t) can be calculated as
The probability that the A-state nodes turn into the R-state is γ , so the evolution of ξ X R,w (t) can be expressed as
With the initial conditions θ X w (0) = 1 and ξ X R,w (0) = 0, combining Eq. (14) with (15), we can obtain
Substituting Eq. (13) and (16) into Eq. (10), we can obtain
And the density of each distinct state is given by
By setting t → ∞, dθ X w (t) dt = 0, we get the probability of one edge with weight w that did not propagate the information in the whole spreading process as
Inserting θ X w (∞) into Eq. (2) and (3), we can obtain
For better understanding, we rewrite θ
There exists a discontinuous growth pattern [31] when Eq.(23) is tangent to Eq.(24) with θ A < 1 and θ B < 1.
In addition, the critical conditions can be derived from the following equation
Because of the complexity of the above theoretical analysis, we exemplify the general theory with a special case T A = T B = 1. In this case, Eqs. (11) and (12) are simplified to
We substitute Eqs. (26) and (27) into Eq. (21) and obtain
where H 0 X (x) = k X P X (k X )x k X denotes the generation function of degree distribution P X (k X ), X ∈ {A, B} and VOLUME 7, 2019 
, X ∈ {A, B}, denotes the generation function of excess degree distribution P X (k X ). Since
∂x , the generation functions of degree distribution P( k) are expressed as:
where k = (k A , k B ), H A0 (1) = k A and H B0 (1) = k B . Subsequently, substituting Eqs. (28) and (29) into Eq. (25) can obtain the critical conditions.
IV. NUMERICAL METHOD
To verify the theoretical analysis above, extensive numerical simulations on artificial two-layer networks are carried out based on Erdös-Rényi (ER) [27] and Scale Free (SF) [28] random network models. The simulation results are obtained by averaging over at least 10 4 independent dynamical realizations on 30 artificial networks to prevent data fluctuation from affecting the conclusions. We set the network size N = 10 4 and the mean-degree k A = k B = k = 10. For a given mean weight, increasing weight distribution exponent (decreasing weight distribution heterogeneity), there are more low-weight edges in the network. To include the social reinforcement, we set T A and T B > 1. In simulations, we varying the values of T A and T B , and found that the phenomena do not been qualitatively changed. For convenience, information transmission unit probability in the two layers are set at β A = β B = β and the recovery probability is γ = 1.0. The weight distribution of network layer X ∈ {A, B} follows g X (ω) ∼ ω −α X ω with ω max X ∼ N 1 α X ω −1 and meanweight ω A = ω B = ω = 8. In the steady state there are no A-state nodes in the network, and we measure the fraction of nodes in R-state R(∞) to compute the spreading scope.
For determining the critical condition from the simulations, we adopt the relative variance χ [32] in our numerical verification, following the method
where . . . denotes the ensemble average and the peaks of the curve of the relative variance χ versus the information transmission probability correspond to the critical points.
V. SIMULATION RESULTS AND ANALYSIS
In reality, users may have different social relationships on different networks, so we need to consider the heterogeneity of degree distribution between different networks. In terms of the parameters in Section IV, we explore the information spreading mechanism on the two-layered weighted ER-ER network, ER-SF network and SF-SF network.
A. INFORMATION SPREADING ON WEIGHTED ER-ER NETWORK
We first investigate the information spreading on weighted ER-ER network with Poisson degree distribution
In Fig.1 with the same information transmission unit probability β, and adoption thresholds T A = 4, T B = 4, we first explore the change of densities of nodes in three states (S-state, A-state, R-state) with the time evolutions.
In Fig.1(a) , (b) and (c), the A(t) decreases to 0 eventually with time t, the S(t) gradually changes from 1 − ρ 0 to 0, and the R(t) indicating the final adoption size gradually tends to 1 at the end. The evolution time costed is gradually decreasing from 12 to 10, and R(∞) which indicates the final adoption size augments at the same time step t (comparing curves in subgraph (d)) with the increase of weight distribution expo-
. The phenomena in the process of time evolution show that increasing weight distribution exponent (reducing the heterogeneity of weight distribution) can promote information spreading on weighted two-layered network.
Then we investigate the effect of the information transmission unit probability β on information spreading. Given adoption thresholds T A , T B and initial seed fraction ρ 0 , we explore the dependence pattern of R(∞) on the unit transmission probability β. The relative variance is applied in the numerical verification for indicating the critical information transmission unit probability β c . In Fig.2(a) with T A = 4, T B = 2, and ρ 0 = 0.01, with the increase of weight distribution exponent, the critical information transmission unit probability β c Comparing the curves of different seed fractions, increasing the fraction of initial seeds will change the dependence pattern of R(∞) on β from the discontinuous growth pattern to the continuous growth pattern. Comparing the curves of different weight distribution exponents, we can find that increasing weight distribution exponents (decreasing weight distribution heterogeneity) can decrease the critical transmission probability and promote the information spreading. Besides, increasing adoption threshold can contrarily enlarge the critical transmission probability. The above phenomena suggest that changing initial seed fraction can change the dependence pattern of R(∞) on β, and decreasing adoption threshold can decrease the critical transmission probability. decreases in subgraph (d) with the same settings of (a), but the dependence pattern of R(∞) on the unit transmission probability β does not change. Given different adoption thresholds and initial seeds, as shown in subgraph (b) (T A = 4, T B = 3, ρ 0 = 0.05), and (c) (T A = 4, T B = 4, ρ 0 = 0.075), the dependence pattern of R(∞) has nothing to do with the growth of weight distribution. Meanwhile, we can find the global adoption [33] will occur earlier at a smaller critical information transmission probability in (e) and (f) by the peaks of χ . In conclusion, these subgraphs show the same phenomenon, in which increasing the weight distribution exponent (decreasing weight distribution heterogeneity) can accelerate the information spreading, but can not change the dependence pattern of R(∞) on the unit transmission probability β whatever transmission adoption threshold is.
Moreover, our theoretical method (lines) agrees with the numerical simulations (symbols) very well.
In Fig.2 , under the different adoption thresholds T A and T B , we find that the initial seed fractions are different, in other words, the outbreak of information spreading on weighted two-layered social network can be affected by the initial seed fraction . Then we explore the effect of initial seed fraction on information spreading mechanism on weighted two-layered social network in Fig.3 . Lines in Fig.3 are theoretical results obtained from equations, which agree well with the numerical simulations(symbols). In Fig.3(a) 
, increasing the fraction of initial seeds, such as from ρ 0 = 0.01 to ρ 0 = 0.1, decreases the critical information transmission unit probability to promote the information spreading. Moreover, the dependence pattern of There exists a critical seed fraction ρ * 0 , under which the outbreak of information spreading will not occur regardless of the value of the information transmission unit probability. Besides, comparing the subgraphs on each column, we can find that increasing weight distribution exponents can facilitate the information spreading. R(∞) on the unit transmission probability β is changed from the discontinuous growth pattern to the continuous growth pattern. Besides, under the same adoption thresholds and the fraction of initial seeds, increasing the weight distribution exponent, such as α A w = 3, α B w = 3 in (d) and α A w = 3, α B w = 3.5 in (g), can promote the outbreak of information spreading, but cannot change the growth pattern of R(∞) versus β by comparing (a), (d), and (g). In vertical comparison, we come to the same conclusion. Then we can also find that enlarging the adoption thresholds, such as T A = 4, T B = 3 in (b), (e), (h) and T A = 4, T B = 4 in (c), (f), (i), increases the difficulty of information transmission. Increasing the fraction of initial seeds changes the dependence pattern of R(∞) on β from the discontinuous growth pattern to the continuous growth pattern and decreases the critical probability to facilitate the information spreading. Most importantly, changing initial seed fraction or the adoption threshold can not qualitatively alter the fact that decreasing weight distribution heterogeneity can promote the outbreak of information spreading.
In experiments, we notice that when the initial seed fraction is very small, the global adoption can not occur. Therefore, we obtain the results of the final adoption size on the (β, ρ 0 ) parameter plane, illustrated in Fig.4 . In subgraph (a), we find that there exists a critical ρ * 0 = 0.003. If the initial seed fraction is lower than this value, the outbreak of information spreading will not occur regardless of the value of the information transmission unit probability.
Comparing Fig.4 horizontally, we find that the critical initial seed fraction ρ * 0 does not change under the same VOLUME 7, 2019 , we can find that degree distribution heterogeneity does not change the fact that reducing the weight distribution heterogeneity helps the information spreading. Increasing the degree distribution exponent can change the dependence pattern from continuous growth pattern to the discontinuous growth pattern. The basic parameters are T A = 4, T B = 3 and ρ 0 = 0.03. adoption threshold. Increasing the weight distribution exponent (reducing the weight distribution heterogeneity) can not affect the critical ρ * 0 , but can promote the outbreak of information spreading by decreasing the critical information transmission unit probability. In the vertical comparison, we can find that the critical seed fraction ρ * 0 is enlarged with the increasing of the adoption thresholds, suggesting that the information adoption becomes difficult. In summary, there exists a critical seed fraction, and only when the initial seed fraction exceeds this value, the information spreading and global adoption will erupt. Increasing the weight distribution exponent (reducing the weight distribution heterogeneity) can facilitate the information spreading but can not affect the critical seed fraction.
B. INFORMATION SPREADING ON TWO-LAYERED WEIGHTED ER-SF NETWORK AND SF-SF NETWORK
Considering the heterogeneity of degree distribution, we continue to explore the information spreading mechanism on the two-layered weighted ER-SF network and SF-SF network. For the ER-SF network, layer A is an ER network with
−v B and parameter v B denotes the degree exponent of layer B. For the SF-SF network, layer A is an SF network with power-law degree distribution
with degree exponent v B . In the SF network, the minimum degree k min = 4 and the maximum degree k max = √ N .
In Fig.5 , all of the subgraphs have the same adoption threshold T A = 4, T B = 3. The dependence patterns of the final adoption size R(∞) on β on weighted ER-SF networks are demonstrated in subgraphs (a), (b), (c) and the values of R(∞) versus β on weighted SF-SF networks are demonstrated in subgraphs (e), (f), (g). Increasing the weight distribution exponent (reducing the weight distribution heterogeneity), as shown in subgraph (a), can decrease the critical information spreading unit probability. Increasing the weight distribution exponent can promote the information spreading, but can not change the dependence pattern of the R(∞) on β. In horizontal comparison, increasing the degree distribution exponent (reducing the degree distribution heterogeneity) can change the dependence pattern of the R(∞) on β from the continuous growth pattern to the discontinuous growth pattern. Then we compare the dependence pattern of R(∞) under the same weight distribution exponent in subgraphs (d) and (h). We can come to the same conclusion that changing degree distribution heterogeneity on two-layered network will not qualitatively alter the fact that reducing weight distribution heterogeneity can definitely promote the information spreading.
VI. CONCLUSION
With the advent of the information age, social networks play an important role in people's daily lives. In real twolayered networks, the intimacies of the social relationships in each layer are different. Therefore, the social relationship in social networks should be modeled as weighted edges instead of binary ones and we should explore the information spreading mechanism on a two-layered weighted network.
Besides, the social reinforcement of the non-redundant information also affects the information spreading. Unfortunately, traditional researchers lack in-depth analysis in the information contagion on weighted two-layered network with social reinforcement.
In this paper, considering the weight distribution heterogeneity and the social reinforcement, we first propose an information spreading model on weighted two-layered social network. To qualitatively understand the impact of weight distribution heterogeneity on information spreading, we further propose an edge-weight based compartmental theory. Extensive numerical simulations affirm that the theoretical predictions agree with the numerical results very well.
Through theoretical analysis and numerical simulation verification, we find that reducing weight distribution heterogeneity can facilitate information spreading and promote the global adoption, but can not change the dependence pattern of the final adoption size on the unit transmission probability under an arbitrary adoption threshold. We can also find that when the initial seed fraction is less than a critical value, information cannot be transmitted explosively in the network. Besides, increasing the fraction of initial seeds or the heterogeneity of degree distribution can change the dependence pattern of the final adoption size on the unit transmission probability from being discontinuous to being continuous. But the heterogeneity of degree distribution can not qualitatively alter the promotion of reducing weight distribution heterogeneity to the information spreading. Our findings indicate that the significant roles of weight and degree correlation among nodes on information contagions take place on two-layered networks. Our work may offer some new insight into the researches containing the information spreading. WEI WANG received the Ph.D. degree from the University of Electronic Science and Technology of China, Chengdu, China, in 2017. He is currently an Associate Professor with Sichuan University, Chengdu. He has published more than 60 articles in the field of network science and spreading dynamics. His research interests include investigating the spreading mechanisms of information, epidemic, rumor, and associated critical phenomena in complex networks.
